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LINEAR CHEVALLEY ESTIMATES

TI WANG

ABSTRACT. A Chevalley estimate for a germ of an analytic mapping f is a
function /: N — N such that if the composite with f of a germ of an analytic
function on the target vanishes to order at least /(k), then it vanishes on the
image to order at least k . Work of Izumi revealed the equivalence between reg-
ularity of a mapping (in the sense of Gabrielov, see §1) and the existence of a
linear Chevalley estimate /(k) . Bierstone and Milman showed that uniformity
of the Chevalley estimate is fundamental to several analytic and geometric prob-
lems on the images of mappings. The central topic of this article is uniformity
of linear Chevalley estimates for regular mappings.

We first establish the equivalence between uniformity of a linear Chevalley
estimate and uniformity of a “linear product estimate” on the image: A /inear
product estimate on a local analytic ring (or, equivalently, on a germ of an ana-
lytic space) means a bound on the order of vanishing of a product of elements
which is linear with respect to the sum of the orders of its factors. We study
the linear product estimate in the central case of a hypersurface (i.e., the zero
set of an analytic function). Our results show that a linear product estimate
is equivalent to an explicit estimate concerning resultants. In the special case
of hypersurfaces of multiplicity 2, this allows us to prove uniformity of linear
product estimates.

Notation.

Oy : The structure sheaf on an analytic space X .

Ox ¢ The fiber of the structure sheaf &y at £, i.e., the local algebra

of germs of analytic functions at £ € X .

in(f(x)): The initial monomial in the Taylor expansion of f(x) € K[x]
at 0 (cf. § 4).
exp(f(x)): The initial exponent of f(x) € K[x] (cf. Section 4).
v:(f): The order of f(x) with respect to the maximal ideal of &, i.e.,
the maximal integer k such that f € mf.
vi(w; x(2)): The order of a root of a polynomial with respect to ¢ in a conic
domain defined in §3.
grk(¢): The generic rank of an analytic mapping ¢.
res;(P, f)(x): The i-th resultant of polynomials P(x, z) and f(x, z), see §3.
o(q): The order of g(x) for a formal or convergent series.
7(q) : The order of the remainder in the decomposition of g(x), see
84.
# (X ; Z): The ring of meromorphic functions on analytic spaces X with

all poles in analytic subspace Z .
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1. INTRODUCTION

The subject of this article is the study of local invariants that distinguish
the behavior of algebraic mappings from that of analytic mappings in general.
Lojasiewicz [Lo] proved that semianalytic (or semialgebraic) sets lie in an ana-
lytic (or algebraic) subset of R"” of the same dimension. Therefore, the image
of a polynomial map lies in an algebraic set of dimension equal to its rank, the
generic rank of the Jacobian of the map (cf. [Mi, Theorem 1]). However, the
example of Osgood (cf. Example 2.3) shows that, for a germ of an analytic
mapping y = ¢(x), the analogous condition (which was studied by Gabrielov
in the early 1970’s, and which we call regularity) fails in general.

Let K =R or C. Consider a germ of an analytic mapping y = ¢(x) over
K, where x = (x;, ..., X») and y = (31, ..., ). Let f(y) be a formal power
series in y — ¢(a). After being composed with ¢, f(#(x)) will be a formal
power series in x — a. A linear estimate means that the order of vanishing of
f(¢(x)) in x — a is linearly bounded from above by the order of vanishing of
f(») in y — ¢(a) modulo the ideal of formal relations among the components
of ¢(x) — ¢(a); we will call such an estimate a linear Chevalley estimate at
a (cf. the precise definitions in §2). Bierstone and Milman have shown that
uniformity of Chevalley estimates is fundamental to several problems in both
analysis and geometry of the images of analytic maps. Also, a uniform linear
Chevalley estimate is essentially equivalent to a linear loss of differentiability in
the solution of a classical problem on composite differentiable functions [BM4].
One of the main problems remaining from their work is uniformity of linear
Chevalley estimates of regular mappings (cf. the conjecture in [BM4]); this is
also the central topic of this paper.

Gabrielov proved the rank condition for analytic mappings (cf. [Ga]). A
mapping (with a smooth source) is regular in the sense of Gabrielov at a given
point if its generic rank at the point equals the minimal dimension of analytic
closure of the image of a small neighborhood of this point. We say that a local
analytic ring possesses a linear product estimate if the order of vanishing of a
product is bounded by a linear function of the sum of the orders of factors.
In the 1980’s, Izumi established the equivalence among the following: linear
product estimates on the target space, linear Chevalley estimates under the con-
dition that the mapping is Gabrielov regular, and Gabrielov regularity of the
mapping (cf. [I1], [I3]). Later, he showed that the linear product estimate on a
given analytic local ring is equivalent to irreducibility of the germ of the analytic
space [12]. Rees [R1] extended the result to pseudovaluations on general local
rings.

For a regular mapping, we prove that uniformity of the linear product esti-
mate on the image of the mapping (in the sense of local rings of the image, see
Definitions 2.5 and 2.8) and uniformity of the linear Chevalley estimate on the
source space are equivalent:

Let X and Y be analytic spaces over R or C:

1.1. Theorem (Theorem 2.10). Let ¢ : Y — X be an analytic mapping which
is semiproper and regular. Then the following statements are equivalent.

1. The map ¢ admits a uniform linear Chevalley estimate on Y ,
2. Let Z = ¢(Y). There is a uniform linear product estimate on Z .
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We conjecture that uniformity of these linear estimates holds for all analytic
mappings with the regularity condition. We can view a linear Chevalley estimate
as a linear bound or orders of vanishing in an analytic equation g = f(¢), in
terms of the order of a solution f and that of a given function g. An analogous
problem for a linear equation g = A4 - f, where A is a matrix with analytic
functions as all its entries, concerns uniformity of the exponent in the Artin-
Rees estimate (lemma) (see [BM2], [BM3] and [W1]).

By Theorem 1.1, to study the uniformity of linear Chevalley estimates for
regular mappings, it suffices to concentrate on the uniform linear product es-
timate on analytic subsets for irreducible components at every point. In this
paper, we consider the case that the defining ideal of X is principal. Then
we can assume that near the point (0, 0), X is defined by the zero set of an
irreducible and distinguished pseudopolynomial

p
P(x,z) =2+ ci(x)z"~,
i=1
where the c;(x)’s are analytic and P(x, z) has order p at (x, z) = (0, 0).
Let w(x),..., wp(x) be all the roots of P(x, z). Forany f(x, z) € C{x}[z],
we can define generalized resultants res;(P, f) of P(x, z) and f(x, z) by
the identity
p p )
[I(z - f(x, wi(x))) = 22 +_resi(P, f)(x)zP~".
i=1 i=1
By Puiseux’s Theorem, we may add a parameter ¢ such that for fixed x,
P(t#'x, z) has all the roots analytic in ¢. In a conic domain in the set where
the discriminant of P(x, z) never vanishes, we denote the roots of P(#*'x, z)
by wy i(t), i=1,2, .., p. Then we can define the order v,(wy ;(t)) of each
wy ;(t) in ¢ at x = 0 (for details see §3). Denote by v(f) the order of
f € Ox o with respect to the maximal ideal my . The main theorem of §3
which is also one of the main new results of our work can then be stated as:

1.2. Theorem (Theorem 3.5). If P(x, z) = 2 +Y.2_, ¢ci(x)z?~" is reduced and
distinguished, then the following statements are equzvalent'

(1) P(x, z) is irreducible in @, .

(2) A linear product estimate holds for the germ (X, 0), i.e., there are two
constants a>1 and b >0 such that forall f, g € Ox o,

v(f-8)<a-(w(f)+v(eg)+b.

(3) P(x, z) has Property 1, i.e., there exist two constants ky > 1 and k; >0
such that for all f € Ox o, we have

v(res,(P, f)(x)) < ki -v(f) + k.
(4) There exist two constants Iy > 1 and I, > 0 such that for all f € O o,
—v(res,,(P Nx) < - —u(res,(P NX)) + b
(5) There exist two constants ¢, z 1 and ¢y > 0 such that for all f € &x o,

v f(tP'x, wy (1) < o1 v f(PP'x, wy (1) + €2
forall 1<i, j<p.
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Remark. The relations among the constants in the above equivalences are ex-
plicit (cf. the remark after Theorem 3.5).

We study the uniform linear product estimates on hypersurfaces of multi-
plicity 2, i.e., X has the multiplicity not more than 2 everywhere. Without loss
of generality, we may assume that, locally, X is given by a pseudopolynomial
P(x, z) = z2 4+ g(x) = 0 with the multiplicity of g(x) not smaller than 2.
A detailed analysis of the irreducibility of P(x, z) allows us to find a certain
standard form for g(x). Then we obtain

1.3. Theorem (Theorem 4.1). There is a uniform linear product estimate for
hypersurfaces of multiplicity 2.

By using the same idea, one can obtain uniformity of linear product estimates
along the locus of multiplicity 3 in a hypersurface.

I would like to take this chance to express my sincere thanks to Professors E.
Bierstone and P. Milman for their help. The formulation of the problem and
some key techniques are due to them.

2. CHEVALLEY ESTIMATES: LINEARITY AND UNIFORMITY

Let K=R or C. In this article, an analytic space X over K is defined as
follows: X = (|X|, @x) is a local ringed space, where locally, there is an open
set U c K", a coherent ideal Iy C &y such that |X| is the support of &y /Iy,
and Oy = (@U/IX)hX] .

Let X and Y be analytic spaces over K, andlet ¢ : ¥ — X be a morphism.
The morphism ¢ induces a natural homomorphism of the structure sheaves

@ Ox — Oy.
Forany y €Y, ¢* determines a homomorphism of local rings
b} 2 Ox.o0) = Oy
and a homomorphism of the completions
5 Gx. 400 = Or -

Let m, and 1, denote the maximal ideals of & , and &y, respectively,

and let R, and Ry denote the kernels of ¢} and &; , respectively. For any
g € Ox 4(y) » the lemma of Chevalley gives a comparison of orders of vanishing.
The proof is elementary which can been found in [BM2].

2.1. Lemma. Let y € Y. For each k € N, there exists | € N such that if
8 €Ox g1, and $(g) € mi*!, then g € Ry + mit\Ox 4.

We will consider the following linear version of the Chevalley estimate:

2.2. Definition. There is a linear Chevalley estimate for ¢ at y if there exist
two constants a > 1 and b > 0 such that for all g € &y 4,,/Ry,

(2.1) vy(6°(8)) < a-vy)(8) +b,

where v, and vy, are the orders with respect to the maximal ideals of &,
and &y 4y)/R, respectively (see Notation).
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2.3. Example (Osgood). Let ¢ :K? — K> be defined by
B(x1, x2) = (x1, X1%2, X1 X2€72).

In this case, Ry = {0}. Hence, &; o/Ry = &3, o. We know that grky(¢) =2,
r,(0) = r3(0) = 3. Therefore, estimate (2.1) does not exist, either by a simple
calculation or by Izumi’s result. An analytic mapping has a linear Chevalley
estimate at a point if and only if it is regular at the point [I3].

2.4. Theorem (Izumi) (cf. [I1]). Let ¢ : (K", 0) — (K?, 0) be the germ of
analytic mapping of germs of regular spaces. Let X C K° be defined by the
irreducible ideal ker(¢*). Assume that grko(¢) = dimg X . Then the following
statements are equivalent: ,

(1) ¢ has a linear Chevalley estimate, i.e. there exist two constants a; > 1
and by > 0 such that for all f € Oy o,

(2.2) v(¢*(N)) S ar-v(f) +bi.

(2) (X, 0) admits linear product estimates, i.e., there exist two constants
a;>1 and by > 0 such that forall f, g €Ox o,

(2.3) v(f-g)<ay-{v(f) +v(g)} + ba

2.5. Definition. For a germ of analytic spaces (X, &), it has a linear product
estimate if (2.3) holds at &£.

2.6. Theorem (Izumi’s Theorem) (cf. [I2]; for the real case, see [R1]). Let X
be a germ of an analytic space. X is irreducible if and only if @x admits a
linear product estimate.

Let ¢:Y — X be an analytic mapping.

2.7. Definition. :

(1) An analytic mapping has a uniform Chevalley estimate if for any compact
set K C Y and any integer k, there is a function /x(k) such that forall a € X,
I(k,a) <Ik(k).

(2) An analytic mapping has a uniform linear Chevalley estimate if for any
compact subset K C Y, there exist two constants ax > 1 and bx > 0, by
which we may define a linear function /x(k) = ak - k + bx such that for all
aek, lk,a) <Ik).

2.8. Definition. For a given set X, it has a uniform linear product estimate if
for any compact set K C X, there are two constants ax > 1 and bx > 0 such
that for any point a € K, on any irreducible component X, j of the germ of
Zariski closure X, of the germ X, , there is a linear product estimate (2.3) with
ay = ag and b2=bK.

2.9. Definition. Let X and Y be locally compact topological spaces, and let
f:Y — X be a continuous mapping. Then f is semiproper into X if and
only if for each compact subset K C X, there is a compact set (perhaps void)
L C Y such that

(2.4) f(L)= f(Y)NnK.

Remark. A semiproper C-analytic mapping is always Gabrielov regular, since
its image is an analytic set (see [Wh, Theorem 11B]).
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In this section, the main result below shows that we can extend Izumi’s re-
sult in a uniform way. The proof parallels that of Izumi with some technical
preparations.

2.10. Theorem. Let ¢: Y — X be a semiproper and regular analytic mapping
between analytic spaces. The mapping ¢ admits a uniform linear Chevalley
estimate if and only if ¢(Y) has a uniform product estimate.

By Hironaka’s desingularization theorem (for a simpler proof, see [BM6]),
we may assume that Y is smooth. Theorem 2.10 follows from

2.11. Proposition. Let B” C K" be a closed ball. Let ¢ : K" — X be a regular
mapping of analytic spaces. Then, ¢(B") has a uniform linear product estimate
if and only if ¢ admits a uniform linear Chevalley estimate on B" .

The proof is parallel to that of Izumi’s theorem (Theorem 2.4). First, we
state an algebraic lemma:

2.12. Lemma. Let ®: A — B be a finite and injective homomorphism between
local Noetherian domains. Then there exists an integer k > 0 such that, for every
f € B, there exist g, ..., g € A, such that

k
(2.5) ff+Y g =0.
i=1
Remark. Without loss of generality, we may assume that A C B and B is a
finitely generated A4-module:

B = A(tl g eeey ts).

I am glad to thank Professor C. Huneke for telling me that we always have
k<s.

Let X be an analytic space over K. The dimension of X at a point x
means the Krull dimension of &y , . An analytic mapping ¢ : X — K? is said
to be finite if for each point x € X, &x . is a finitely generated module over
Ok» 4(x) Via the mapping &5 .

2.13. Corollary. Let X be an analytic space of pure dimension p. Let I1: X —
K? be a finite mapping. Then there exist an integer k > 0 and a neighborhood
of a, say U C X, such that for all B € U and any f € &x,p, there exist
8155 8k € %,l’l(ﬂ):

k
(2.6) ff4+) s i=o.
i=1 '

Proof of Proposition 2.11. Suppose that ¢ admits a uniform linear Chevalley
estimate on B”. OQOur assumptions imply that for any compact subset L C
¢(B"), there exists a compact subset K C B”, such that for any b € L and any
irreducible component of the germ of Zariski closure X, of the germ L, at
b, say X, ;, there exists a point a € K such that ¢(a) = b and the mapping
#a : (K", a) —» X, ; is regular. By our assumption, there exist ax > 1 and
bk > 0 such that for any point a € K, any f € Gy,

vo(f(9)) < ak « vga)(f) + bk
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For f, g € Oy4),i, we have (denote by vy, ; the valuation on X.i)

Vga),i(f - &) S va(f(9) - 8(4))
= va(f(9)) + va(8(9))
< ak (Vga)(f) + Vga)(8)) + 2bk
< ak (Vga), i(f) + Vo), i(8)) + 2bk

Thus, we have a uniform linear product estimate on ¢(B").

On the other hand, assume that ¢(B") admits a uniform linear product
estimate. Let II : X — K’ be a finite mapping. Then, the mapping: ¥ =
ITo¢:K" — K” has a generic rank p since the regularity of ¥ implies that

(2.7)

oY
2.8 Max rank——— =p,
( ) a(yl9"-, .Vn) P
where (y;, ..., yn) are the coordinates on K”. It is known that there is a

uniform linear Chevalley estimate for W (see [T1]). For this reason, we may
assume that, for each compact subset K C B”, there exists a constant cx > 1
such that for any f € G, w), Va(f(¥)) < ¢k - y(o)(f), forall a in K. Fora
given compact subset K C B", the sets L = ¢(K),and L =TI(L) are compact.
Let a; and b; be the coefficients in the uniform linear product estimate on
L. We define a sequence of linear functions: Let ¢ = cx .

(2.9) e(A)=cA, e(A)=ar-c-(A+e—1(A)+br-c for p=1,2, ...

We claim that: for any @ € K and any f € Gy,),;, if v.(f(¢)) > €,-1(4), and
if there exist g1, ..., & € &) w(), such that

P
Vo), i (/7 +D_ &M f°77) = €,-1(4),
i=1
then, th(a),i(f) > A.

The result follows from the claim: since the mapping II is finite, for any
fe€ ﬁ¢(a),i , there exist g, ..., & € &\y(a) such that fk + Ei g;(I'I)f""" =0.
By Corollary 2.13, the number k is uniformly given on L. Thus, we may take
the coefficients in e;_, , i.e., Va(f(9)) < €x—1(Vg(a),i(f)) -

The proof of the claim is pointwise, which can be found in [I1].

3. LINEAR PRODUCT ESTIMATES

In this section, we consider a linear product estimate in the case where the
defining ideal of the germ of X is a principal ideal, i.e., X is a hypersurface.
In §§3.1 and 3.2, we assume that the field is complex. The discussion of real
cases is in §3.3.

3.1. Generalized resultants. We assume that X ¢ C™*', and thatat 0 € X
we have an irreducible and distinguished pseudopolynomial

p
(3.1 P(x,z)=2"+)Y ci(x)zP~,

i=1
where x = (xj, ..., Xm), such that in a neighborhood of 0, the space X =
{(x, z) eC™': P(x, z) = 0}.
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After a linear coordinate change, we may further assume that for each i,
. . . c(x
i=1,..,p, ve(ci(x)) > i. By the substitution y = z + '—I()—) , we reduce to

the case that ¢;(x)=0.
By the above assumptions, for any element f € &y o, f has a standard
form:

(32 f=3 ax)
i=1

modulo the ideal. Moreover, the order of vanishing of f in @y ¢ is given by
(3.3) v(f) = min {v(a;(x)) +p - i}.

Let w, ..., w, € F be all the roots of P(x, z) =0. For any f € C{x}[z],
consider the polynomial

p

F(P, f)(x,y) =[]0 - f(x, wix)))

(3.4) =
=y + ) _resi(P, [)(x)-y*7".
i=1

It is easy to see that these coefficients res;(P, f)(x) are polynomials of the
coefficients of P and f. Thus, F(P, f)(x,y) € C{x}[y].
3.1. Definition. The coefficient res;(P, f)(x) in (3.4) is called the i-th resul-
tant of P and f for any polynomial f in C{x}[z].

Remark.
1. By (3.4), for fixed x and foreach k=1, ..., p,

(3.5)  res(P, Nx)=(-DF D flx, wiy(x))... f(x, wi (x)).

1SH <. Si<p

Each res, (P, f) is a homogeneous polynomial in the coefficients of f of degree
k. In particular, (—1)?res,(P, f)(x) is the same as the conventional definition
of the resultant of P and f. For simplicity, we denote (—1)?res,(P, f) by
res(P, f).

2. In the case where x is a single variable, and if P(x, z) is irreducible, by
Puiseux’s theorem, for any f € C{x}[z] of degree less than p:

(3.6) L v(resy(P, 1)) = min( T v(res;(P, Nx))-

If x is a multi-variable, (3.6) will no longer hold in general. However, by the
following argument, we will see that the irreducibility of P(x, z) is equivalent
to a linear comparison between v(res,(P, f)) and min;(v(res;(P, f))) . First,
we define

Property 1. There are two constants ky > 1, ky >0, such that forall f € Ox o,
(3.7 v(res(P, ) < kww(f) + k.

Property 2. For any compact neighborhood K of 0, there exist two constants
ki, > 1 and ky, > 0, such that for any point a € K, and for any irreducible
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component of the germ of X, , say X,,; defined by P, i(x, z) =0, and for any

f €O X, i»
V(reS(Pa,i, .f)) S lei,Or(f) + kZ’
where v; .(f) denotes the order of f in Oy, ;.
3.2. Proposition. Property 1 implies a linear product estimate for the germ

(X, 0). Further, if X has Property 2, then a uniform linear product estimate
holds for any compact subset K containing 0.

Remark. In fact, Property 1 holds if and only if (X, 0) admits a linear product
estimate (see Theorem 3.5).

Let I be the ideal generated by P(x, z). Suppose that f, g € Ox o, and
let f=37% ai(x)z’~", and g = Y7, bi(x)z?~'. Then the product of f and
g modulo I is given by the Weierstrass division. Namely,

(3.8) fr8x, 2= Y dx)z mod(D),

i=1

where the right side is the remainder in the division

p
(3.9) f-8(x,2)=0Q(x.2)-P(x, z) + Y _ di(x)z"~".
i=1
Therefore, v(f - g) = min;{v,(d;(x)) + p — i} as mentioned in (3.3).

Suppose that P(x, z) is reduced, i.e., the discriminant A(x) of P(x, z)
is not zero. Therefore, in Ky = {x : A(x) # 0}, P(x,z) has p distinct
solutions w;(x). Denote tx = (¢xi, ..., tx,). One can pick a point X and a
neighborhood U of X such that the conic neighborhood

Ky={t"x:0<|tf|<1,x€e U}

is a subset of {x : A(x) # 0, in(A(x)) # 0}. We may further assume that all
the coefficients of P(t*'x, z) are analytic in Ky . For fixed y = (y;, ..., y») in
Ky , from Puiseux’s theorem, we have an analytic decomposition in ¢:

p
(3.10) P(#'y, 2) =[] (z - w,..(1)),

i=1
where the w), ;(¢)’s are analytic functions in . We define v, as a mapping from
C{x}z:, z2, ..., Zp] to N: forany f(x, z;, 22, ..., 2p,) € C{x}[21, 22, ..’ 2Zp],

u(f) =u(f(t7'x, we, 1 (1), ..., Wx,p(2))
= 1 p!
yl&fu ord,(f(#°y, wy,1(2), .., Wy p(2))).
Clearly, if A(x) is analytic in x, then v,(h(#"'x)) = ord(h(x)) - p!.
From the definition of v, , we have a pseudovaluation on C{x}[z;, 23, ..., z,].

Recall that v, being a pseudovaluation means that for any f, g in the ring,

vi(f + &) 2 min{v,(f), v(8)}, w(Sf-8) 2 u(f)+w(g).
3.3. Lemma. Let f(x, z) € @x. 0. Then

(3.11) v(f(x, 2)) < I%Vz(f(t"’x, wy. (1))

for each root wy i(t) of P(t!'x, z).
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Proof. Consider the equation
1 P i
P(t'x,z)=2" + ) c:(tP'x)zP~ = 0.
i=1

Let w;(x) bearootof P(x, z) in the sense given above. A root of P(t"'x, z) =
0 is denoted by w, ;(f) = w;(¢*'x) . It thus follows that

P - vi(wx,i(2) > 1xgjigp(,,z(cj(t”’x)) + (p = Jv(wy, j(2)))-

Therefore,
.1 \
vi(wy, (1) = in, 7vt(cj(t”‘X))
1
(3.12) = min Zu(c;(x))

T I<j<p J
>p!

foreach i=1, ..., p. For any f(x,z)€&x.o,
v f(t7' X, wx,i(t)) > vy f - min{v,(¢'x) , vi(wy, i(t))} = v S - P\
Thus, (3.11) follows.

Forall i, f-g(t"x, wx,i(t)) = X5, dj(t"'x)wy,i(t)’~/ . It yields an identity
(3.13)

f -8t x, wx 1(2)) 1 we 1 () ... wy 1(2)P7! dp(tp!x)
fre@x,we () | [ 1 we2() ..o w2007 || dpa ()
f- g(tl’!x., wx,p(t)) i wx:p(t) ..‘. wx’pit)p—l dl (t.p!x)

Proof of Proposition 3.2. For a fixed point x € Ky, let 4 denote the coefficient
matrix on the right side of the formula above. For all &,

(3.14)  y(f-g(t"x, we k(1) > r!liin{vz(d:(t”’x)) + (@ - Dy (wy,i(1)}.
Forall i=1, ..., p, we have
(3.15)  w(f-g(x, wx,i(1)) = v f('x, wy (1)) + v18(F' X, Wy i(2)).

Since f(#"'x, wx,i(?)) = T; a;(t"'x)wyx,i(2)*~/ , we get

f(#'x, wy () a, (' x)

! p!
516 f(t"X,:wx.z(t)) ., ap_lfz x)
£, wy (1)) (%)

where the matrix A4 is defined in (3.13). Let A(x) denote the discriminant of
P(x, z). Then A(t*'x) is the discriminant of P(¢*'x, z) and clearly |4|?> =
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A(”'x). Therefore, multiplying by the transposed matrix 4* of cofactors of
A, it follows

f(tx, wx 1 (1)) ap(t7'x)
?P'x, wy ot a,— | (t*'x
(3.17) o A . x,2()) _ p lf )
f(@tP'x, wy p(2)) a;(t*'x)
From (3.17), obviously, we have for all i
(3.18) SUBPX) + @ (%) 2 min{u f(#x, wy, (O))
Similarly, for g and for all i,
(3.19) SUAW'R) +ubi('x) 2 min{g(#x, wr, ().

Combining (3.18) with (3.19), we have for any i and k,
VAP x) + viai(tP x) + v b (7' x)

(3.20) > mjin{lf,f(tp!X, wy j(1)} + mjin{u,g(t”!x, wy, (1))}

Using Lemma 3.3 and Property 1, we obtain for any j,k,
(3.21)

v (f(t”’x, 'wx,j(t))) <y (fI(f(t”!x, ’wx,i(t))))

i=1

=y, (res(P, f)(#'x))

<Pk + ko) < 1l 2L kD)

p!

+ kz)

Thus, there are two constants ¢; > 1 and ¢; > 0, where ¢, = k; and ¢,

p'k,, such that for any f € @y o, and any j and k, v f(t#'x, wy ;(2)) <
av f(#Px, wye () + c2 . Here, (3.14), (3.15), (3.20) and (3.21) imply

V,A(tp!x) + Vgai(tp!X) + thj(tp!X)

(3.22) 2 min{v, f(#7%, wy, (1))} + min{vg (x, we (1))}

> — min{u d(#'x) + (0 - k)Y - 2,

where we assume that

v (g(t"’x, wx,l(t))) = min {v, (g(t"‘x, wx,i(t))) }
Clearly, since each A(x), ai(x), bj(x) and di(x) are analytic with respect to
X, we have
VA(P'x) = pl - v A(X);  vai(tP'x) =p!-v(ai(x));

(3.23) vb;(tP'x) = pl-v(bj(x));  wdi(t"'x) = p!- v(di(x)).
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It is therefore
VA(X) +va;(x) + vbj(x) > — min{v (de(x)) +p - k} - L.
C1 k ap.

By (3.3) and choosing proper i and j, we may have

(3.29) VA(x) + vai(x) + vbj(x) S vA(x)+v(f) +v(g).
Then, we obtained
(3.25) v(f-8) < ki(v(f) +v(8) + kiv(A(x)) + k2,

where k; and k, are exactly the same as in Property 1. Hence, it is a linear
product estimate as required, and it gives a uniform linear product on X if
Property 2 holds.

3.2. Criteria for linear product estimates.
3.4. Proposition. Assume that P(x, z) is reduced. Then for all f, we have

(3.26) v(f) < min M <v(f)+ %V(A(x)).

1<i<p
Proof. Forall i=1, ..., p, for a fixed point x € Ky,

(3.27)  (f("x, wx, (1)) + i resc(P, )7 x)(f(#x , wx,i(1))P ™ = 0.

i=1

Therefore,
pu(f(t"x, wy i(2))) > mkin{w(resk(P, NEX))+@—-k) v (f(#x, wy (1))},

i.e., there exists some k (k may depend on i) such that

(3.28) W%, we, (1) 2 urese(P, N(E'X)).
Thus,

(329  minu(f('x, we,(0) 2 min{1w(res(P, NER)}.
By applying (3.18), forall j=1, ..., p,
(3.30) -;-V,A(t"!x) +va;(tP'x) > miin{%u,(res,-(P, N(E'x))}.

Again, since all the entries above are analytic in x, the second half of (3.26)
follows from (3.3) and (3.23) as required. The first half of (3.26), i.e., v(f) <
min, <;<, v(resi(P, f))/i, is an immediate consequence of Lemma 3.3 and for-
mula (3.5).

3.5. Theorem. If P(x, z) = zP + Y°0_, ci(x)zP~ is reduced and distinguished,
then the following statements are equivalent:

(1) P(x, z) is irreducible in &, .

(2) A linear product estimate holds for the germ (X, 0), i.e., there are two
constants a > 1 and b >0 such that forall f, g € Ox 0,

v(f-g)<a-w(f)+v(g)+b.
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(3) P(x, z) has Property 1, i.e., there exist two constants ky > 1 and k, > 0
such that for all f € &x o, we have

v(resy(P, f)(x)) < ki - v(f) + ka.
(4) There exist constants I, > 1 and I, > 0 such that for all f € Ox o,

Il)u(resp(P, Nx)<h- lréliiélp %u(resi(P, NE) + L.

(5) There exist constants ¢, > 1 and c; > 0 such that for all f € O o,

v f(tx, wx,i(t)) < 1 v f (X, wx (1) + 2,

forall 1<i, j<p.
Proof.

(1)= (2): By Izumi’s theorem (see Theorem 2.4).

2)= (1): If P(x, z) = f(x, z)- g(x, 2), it is then apparent that (2) can
not hold.

(2) = (3): We define a sequence of linear functions

(3.31) el(A)=4; forall ¢g>1, eu1(A)=a-(A+e,A)+b.

Using Tougeron’s idea (cf. [I1]), we can claim that for a given f € Oy o, if
there exist g;(x) € &,, such that

q
v(fi(x, 2)+ D gi(x)fT7I(x, 2)) > €,(A)

j=1

and v, f(tP'x, wy,i(t)) > ples(A), then we have v(f) > A. Our claim implies
that there are two constants b, > 1 and b, > 0 such that forall i=1, ..., p,

(3.32) u(f(P'x, wx,i(?))) < by - v(f) + by

Indeed, since

(3.33) fPix, z)+ i res;(x)f*~'(x, z) =0,
i=1

we can take b;A + b, = ple,(A) . But, it is apparent that (3.32) implies (3) with
ki=bi/p-1),i=1,2.
(3)= (4): Forall i,
1 k k
;u(res,,(P, Nx)) < ;ll/(f) + ;2
ky . k,
< mu(res,(P, Nx)) + >

Hence, (4) follows.
(4) = (5): For agiven f € Oy o, by (4) we have: forany 1 <i, j<p,

vi(res,(P, ) (#"x)) <l -p- miin{—:-u, (resi(P, ) x)}+hL-p-p'.



4890 TI WANG

Using Proposition 3.4, there are constants /| > 1 and /5 >0 such that
vi(f(t"x, wx (1)) < vi(resy(P, f)(#x))

< by p-min{zw(resi(P, (X)) +b-p-p!
(3.34) 1
=(-p- mm{?u(res,-(P, NENY+L-p)-p!

< (-2 () + 3u(AX) + 1 -p) - Bl
By Lemma 3.3, (3.34) gives
141 (f(tp!x’ wx,i(t))) S V,(l'eSp(P, f)(tp!x))

(3.35) )
<h-p-(w(f(tx, we (1) +h-p-p!,
as required.

(5)= (2): Forany f, g€0x,0, f=X,ai(x)z’~" and g =3, b;(x)z?~/,
we have (see (3.22))

VAt X) + viai(t7x) + vibj (7 x) 2 clngn{vz(dk(t”’x)) +p-k)-p} -2
1 1

forany i, j=1, ..., p. Therefore, by (3.24),

Sv(f - 8) = 22 S(A()) + (X)) + (b (x)) S V(AE) + V() +¥(6)

It follows that

v(f-8) <aw(f)+v(g)+avA(x) + 572'
as required.

Remark. We just showed a necessary circle of a logical proof of the theorem as
above. We list some relations among all the coefficients above (for the proof,
refer to [W2]): '

1. When (2) is derived from (3), we may take a = k; and b = k; -v(A(x)) +
ky.
2. (2) = (3): we may take k; and k, as kjA+k, = p-e,(A), where e, (1) =4,
and €4 (A)=a-(A+e(d)+b,forg=1,2, ...

3. (3) = (4): we may take /, =% and b, = %

4. (4) = (3): wemay take k; =p-/; and k; =p - [ v(A(x)) + 1].

5. (3) = (5): we may take ¢; =k, and ¢; =plk,.

6. (5)= (2): we may take a = ¢, and b = ¢| - ¥(A(x)) + ;%.

7. (4) = (5): we may take .¢; =1l;-p and ¢; = 3/, -p-p!-v(A(x))+L-p-p!.
8. (5)= (4): we may take I, = ¢, and I, = f},.

Remark. Clearly, as a consequence of the explicit nature of our estimates, we
have the version of a uniform linear comparison of Theorem 3.5, namely, for
each (2), (3), (4) and (5), if the coefficients exist on any compact subset of the
analytic space, i.e., for any irreducible component at any point in the compact
set, we have one of (2), (3), or (4) for the factor of P(x, z), then a uniform
linear product estimate exists.
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3.3. Real cases. In the discussion of linear product estimates on hypersurfaces
in §§3.1 and 3.2, we assume that the field is complex. Now let us examine the
case of real hypersurfaces. First, we give some elementary facts:

Let f(y) =3, a.y* € Cly]. We write f(y) =3, a.y*, where a, denotes
the conjugate of a,. Then, we have

3.6. Lemma. Let f(y) and g(y) € Clyl. Then,

1) fO)+e)=f0)+80);
2) f)-8()=f(»)-8();
(3) f(y)=f(y) ifand only if f(y) € RIy].

3.7. Lemma. Suppose that F(y) is an irreducible real formal power series. If
F(y) is reducible in C[[y], then it has a unique decomposition in the form

F(y)=G(»)-G(y),
where G(y) is irreducible in C[[y].

. It is easy to prove the two lemmas above.

Let P(x, z) = zF + ¥, ¢i(x)zP~" be an irreducible real pseudopolynomial.
Suppose that P(x, z) is reducible in C[x])[z]. By Lemma 3.7, we can assume
that P(x, z) = Q(x, z) - Q(x, z). For any f(x, z) € C[x][z], the resultant
res,(P, f)(x) is therefore the product res,(Q, f)(x)-res;(Q, f)(x). With this
notation, we can show

3.8. Lemma.
(3.36) resg(Q, f)(x) =resy(Q, f).

As the consequence, assuming that f(x, z) is a real pseudopolynomial, we

have
resp(P, f)(X) = (resq(Q, f)(X)) * (reSQ(Q: f)(X))

Suppose that X is a real hypersurface defined by a real analytic function.
We consider on an irreducible component of X at (0, 0) (for simplicity, still
denoted by X ) which is given by the germ of real zero set of an irreducible
pseudopolynomial

p
P(x,z)=2"+)Y c(x)22~ =0,
i=1
where ¢;(x) € R{x}. We denote by XC the complexification of X defined as
the zero set of P(x, z) in C"*!. By Lemma 3.7, XC€ is either irreducible,
or it can be decomposed into a pair of conjugates X’ and X’ defined by two
irreducible factors of P(x, z) = Q(x, z)- Q(x, z), respectively.

3.9. Lemma. Let Q(x, z) € C{x}[z] be an irreducible polynomial. The linear
product estimate on the germ X' of the analytic space defined by Q(x, z) =0
is the same as that on the germ X' defined by Q(x, z) = 0.

Proof. This is a consequence of Lemma 3.8 and Theorem 3.5.

Now, the following result can be verified easily:
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3.10. Proposition. For a real analytic space X , it has a uniform linear product
estimate if there is a uniform linear product estimate on its complexification.

4. A UNIFORM LINEAR PRODUCT ESTIMATE FOR
HYPERSURFACES OF MULTIPLICITY 2

Let f(x) =3, a.x* € K[x], where x = x;, ..., x, and a € N” (N is the
set of non-negative integers). The support of f(x) is the set (a € N*|a, # 0).
Define an order on N” by ordering each a € N” by the lexicographic order on
(n+ 1)-tuple (Ja|, ). This is a linear order on N". By the initial monomial
of f we mean the monomial x* such that o/ is the smallest element in the
support of f(x). Moreover, o’ is the exponent of f(x).

4.1. Normal forms. Let X be the complex space defined by the zero set of
an irreducible pseudopolynomial of order 2: P(x, z) = z2+p(x)z+4q(x) =0,
where we may assume that p(x) = 0 and v(g(x)) > 2. It is evident that
P(x, z) is irreducible if and only if g(x) is not a completely squared element
in the ring C{x} (i.e., there is no A(x) € C{x} such that g(x) = h%(x)).

4.1. Theorem. There is a uniform linear product estimate for X .

We first show a linear product estimate for X at 0 € X with explicit formulas
for the coefficients.

4.2. Lemma. Let g(x) € C{x}. Assume that there are two sequences s;(x) and
ti(x) in Cl[x] such that for each i, q(x) = s}(x)+t;(x) and lim;_ o, v (t;(x)) =
oo. Then, q(x) is a completely squared element in C{x}.

Proof. We can assume that each s;(x) has the same initial term as g(x), i.e.,
the same first term in their Taylor expansions. Then the sequence {s;(x)} is
a Cauchy sequence in C{x}. Thus, it converges to an element s(x) € C[x]
since C[x] is complete. It follows from the Hensel Lemma (cf. [Na, 44.3]) or
Artin’s approximation theorem that s(x) € C{x}.

4.3. Definition. Let g(x) € C{x}. We define a decomposition of q(x):
(4.1) q(x) = s?(x) + t(x)
with the properties:

D-1. s(x) and ¢(x) are in C[x];

D-2. #(x)=q(x), or v(¢(x)) > v(q(x));
D-3. v(#(x)) is the maximal in all such possible decompositions.

Remark.

1. Lemma 4.2 implies that this definition is well-defined, i.e., we always have
a decomposition as described above.

2. We denote o(q) = v(s%(x)) and t(g) = v(¢(x)). Apparently, o(q) and
7(q) are uniquely determined by g. However, in general, the decompositions
of g(x) satisfying (D-1), (D-2) and (D-3) are not unique (for instance, we can
add a higher-order term to s(x) and #(x) if both are not zero).

3. g(x) is a completely squared element in C{x} if and only if #(x) =0.
If s(x) # 0, exp{g(x)} = exp{(s?(x)} and exp{t(x)} > exp{q(x)}. For our
purpose, we will not consider the case #(x) = 0 or s(x) = 0 in §4.1. So, we
assume s(x) # 0 and #(x) # 0 throughout these sections.
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4. If f(x) and g(x) are equivalent, i.e., f(x) = g(x)h(x) for some invert-
ible A(x) in C{x}, then, o(f(x)) =a(g(x)) and 7(f(x)) = 7(g(x)).
5. By Lemma 4.2, we may define a decomposition of g(x):

(4.1 q(x) = 52(x) + #(x)

with the properties of (D-2) and (D-3), plus that both § and 7 are analytic.
Then, it is easy to check that v(s(x)) = v(5(x)) and v(¢(x)) = v(#(x)) . In fact,
it is clear that v(#(x)) < v(¢(x)). On the other hand, suppose we have (1):
g(x) = s%(x) + t(x). If s(x) is not analytic, and #(x) # 0. Then, obviously,
by taking a high jet of s(x) (for instance, higher than the order of #(x)), we
will have a convergent decomposition without changing the order of #(x). That
means v(i(x)) > v(t(x)).

Clearly, in a given coordinate system, among all the possible decompositions
(4.1), exp(¢(x)) has the maximum.

4.4. Definition. We call (4.1) a proper decomposition in a coordinate system if
exp(z(x)) reaches its maximum.

Of course, in general, such a decomposition is not unique.

4.5. Lemma. Let q(x) = s%(x) + t(x) be a decomposition, where s(x) # 0
and t(x) # 0. Let in(s(x)) = sox®, and in(t(x)) = tox? . Then, it is a proper
decomposition of q(x) ifand only if a £ B, i.e.,
(4.2) x% 4 xB.
Proof. Suppose that (4.2) is false. It means that #(x) = fox>*" + h(x) for some
0#7yeN". Let s(x) =sox*+ g(x). Then,

a(x) = (s0x® + g(x))* + tox**" + h(x)

tox? 2 + h(x) - og(x)x?  1§x¥

= (Sox* + g(x) + 5% 5% a7

It is clear that exp(h(x)) > exp(¢(x)), exp(g(x)x?) > exp(#(x)) and exp(x?’) >
exp(¢(x)) , which contradicts the statement that g(x) = s2(x) +¢(x) is a proper
decomposition of g(x).

It is then easy to check that (4.2) is also a sufficient condition.

Let g(x) be the same as described above. We assume that s(x) # 0 and
t(x) # 0 in the decomposition (4.1) of g(x).

4.6. Lemma. There exists a suitable linear coordinate change: x — (y, X),
such that under this coordinate,

(4.3) g(x) = (0" + g, %)* + h(y, X)) - i(x)
with the following properties:
N-1. i(x) is invertible in C[x];
N-2. gy, x) and h(y, X) are both pseudopolynomials in y. Moreover,
deg,{g} <k, and deg,{h} < k;
N-3. v(g)>k; v(h) >2k.

4.7. Definition. A decomposition (4.3) of g(x) satisfying (N-1), (N-2) and
(N-3) is called a normal decomposition of q(x).
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By Lemma 4.5, a normal decomposition must be a proper decomposition.

Let f(y, X) = (v* + m(y, x))* + n(y, x), where

P-1. m(y, x) and n(y, X) are pseudopolynomials in y;

P-2. deg,{m(y, X)} < k; deg,{n(y, x)} < 2k-1;

P-3. v(m(y, X)) > k; v(n(y, X)) > 2k.

Let n(y, x) = 32 o ni(x)y?~' (thus, p<2k—1). If p <k, by Lemma 4.5,
fy,x)=(@*+m(y, x))>+n(y, X) is a normal decomposition. Suppose that
p > k. We have

0, 2) = 0* + m+ gno(x)y -

m'(y,Xx)

(4.9) |
+ (1= no(X)y?) — no(R)myP~* — Zmj(2)y*0=H).

7

n(y. %)
4.8. Lemma. In (4.4),
P-1: m'(y, x) and n’(y, X) are pseudopolynomials in y ;
P-2: deg,{m'(y, x)} <k; deg,{n'(y,X)}<p—-1;
P-3: v(m'(y, %)) >k, v(n'(y, X)) > 2k.
Proof. By (P-1), and the definitions of m’(y, X) and n'(y, x), (P-1) is trivial.
Since k < p < 2k — 1, (P-2) follows immediately.
By (P-3), v(no(X)y?~%) > 2k — k = k as required. Moreover,

exp{no(X)m(y, X)y*~*} > exp{no(x)y"} > exp{y*},
which proves (P-3).

Proof of Lemma 4.6. Since s(x) # 0 and #(x) # 0 in the decomposition (4.1)
of g(x), we hence may assume that, after a suitable linear coordinate change,

2k :
(4.5) g(x) = % + ) ki(x)y*) - i(x),

i=1

where i(x) is invertible, and each v(x;) > i by the preparation theorem. With-
out loss of generality, we may assume that i(x)=1.
Starting with (4.5), we rewrite g(x) as

k 2k
a(x) = y* + y*Q_r(x ) + Y k(xR

j:l , i=k+l .
a(y, %) . %)
(4.6) .1 X ) 1,
=(y +§a(y’x)) +B(y9x)_za (yax)
e — ~ ~ -
m(y,x) n(y,x)

=0 +m@y, %) +ny, ).

Clearly, m and n are both pseudopolynomial in y with deg,{m} < k and
deg,{n} <2k —2. Also, v(m) > k and exp{n} > exp{(y* + m)?}. Thus, we
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may apply Lemma 4.8 if deg,n > k. Since ¢(x) is not a completely squared
element, we will get (4.3) after finitely many applications of Lemma 4.8.

Consider the function g(x) and its normal decomposition (4.3) (in a suitable
coordinate system). Let in(h(y, X)) = ho(X)y? . By the definition, p <k —1.

Write s,(y, %) = y* + g(y, X), and (v, X) = h(y, X). We define a se-
quence {s;(y, x)} and {t;(y, X)}: For i > 1,

1
siy, x)=s,(y, %)+ -1, %);
(4.7)

4, %)=~ 38, ).
The sequence satisfies
(4.8) st,...stqy, %) =5y, X)+ty,x), i=1,....
By the definition, we can see that
(4.9) in(s)=y*"'%, in(t) =" (=)
Therefore, by Lemma 4.5, the expression (4.8) is a proper decomposition.
49. Lemma. Let a(x) € C{x} with v(a) > 0. Then,
(4.10) t{a’q(y, %)} < 2(1 + t{g} — o{q}) - v(a) + o{q}.

Proof. We may assume that in(a(x)) = ao(%)y? . Take an integer i such that
log,d +2>i>log,d + 1. Consider

(4.11) a’-st,...stq(y, x)=a*-s}(y, x) +a*- ;(y, X).
Clearly, in(a-si(y, X)) = ao(X)y*~ %+ and in(a®t;(y, %)) = a2hZ ™ y?~'p+2d |
by (4.9). By the choice of i, we have
27 +d>2"p+2d.
By Lemma 4.5, (4.11) is a proper decomposition of a?-s? ,...s?-q(y, X). Let
a’q(y, %) =u*(y, X)+v(y, %) be a proper decomposition of a%q(y, X). Then
v(st,...st-v(y, X)) <v(@®;(y, %)) . In other words,
Q'+ ...+ 2k +1{a®-q(y, %)} < 2v(a) + 2" 't{q},
which gives
7{a’-q(y, %)} < 2w(a) + 2" '1{q} - (' - 2)k

<2(1+1{q} —o{q})-v(a) + o{q}.
Remark. 1t should be pointed out that all the discussion here is valid if g(x)
and a(x) are in C[[x].

4.2. Linear product estimates. In this section, we will show a linear product
estimate for (X, 0) which is defined by a pseudopolynomial of order 2.

For an element f = a(x)z + b(x) in &y o, define y;(x) and y»(x) (also
see (3.4) by the following relation:

Pr(x, 2) = (z = f(x, wi(x)))(z = f(x, wa(x))) = 2 + p1(X)Z + y2(x).
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4.10. Theorem. At (X, 0),

v(72(x)) < 2(2 + t{q} - o{q}) - v (31 (x)).

Proof. Let f =a(x)z + b(x). By Property 1, we have to show the order of »,
is linearly bounded by the order of 7, . In the case where P(x, z) = z2 +¢q(x),
we have y,(x) = 2b(x) and y:(x) = —a?(x)q(x) + b*(x).

If 2texp{q(x)} (i.e., s(x) =0 in the expressions of proper decomposition),
we have

v(72(x)) = v(-a*(x)q(x) + b*(x))
(4.12) = min{r(q(x)) + 2v(a(x)), 2v(b(x)) < 2v(b(x))}
=2v(y1(x))

If 2|exp{g(x)}, then, we must have s(x) # 0 and #(x) # 0. By the discussion
in §4.2, we may find a coordinate system and a normal form (4.3) of g(x). We
claim that for all a(x) and b(x),

(4.13) v(y2(x)) = v(—a?(x)q(x) + b*(x)) < 1{a*(x)q(x)}.

In fact, if (4.13) is false, a?(x)q(x) = b%(x)—(—a?(x)q(x)+b?(x)) which is also

a decomposition of a2(x)g(x) . That contradicts the definition of 7{a?(x)q(x)}.
Evidently, we need only to consider the case where v(a%(x)q(x)) = v(b*(x)).

By Lemma 4.9, we have

v(r2(x)) < 2(1 + t{q} — o{q})v(a) + o{q}

<2-(2+7{g}-o{q}) - v(n(x)).

Thus, (4.12) and (4.14) assure the linear product estimates.

4.3. Uniform linear product estimates. The discussion is actually local: we

need to show uniform linear product estimates on any compact set containing

0.

First, we give
4.11. Lemma. Let (x', z') € X and assume that the order of P(x, z) at
(x', z') is 1. Then, P(x, z) is irreducible at (x', z'), and we may take a = 1
and b =0 in the linear product estimate.
Proof. In this case, Oy, (x,.) is equivalent to C{x}.

(4.14)

Thus, we need only to consider, in a neighborhood of 0, that the closed
analytic subset Y ¢ X on which v(P(x, z)) = 2. Clearly, by a proper choice
of the coordinate (x, z) (i.e.,, p(x)=0), Y C {(x, z)| z =0, v(g(x)) > 2}.
Thus, we need to study g(x) on the set B = {x|v(g(x)) >2}nU, where U is
a relatively compact neighborhood of 0.

Let Z C X be analytic subsets. By .#(X, Z) we mean the ring of meromor-
phic functions on X with its poles in Z (cf. [BM1, Chapter V]). An element
in #(X, Z)[t, ..., t] is called a parametrized family (with parameters in
X — Z ). For more discussion about parametrized families, see [BM1, Chapter
V]. Let

Fx(tl > ooy tk) = Zﬂ!(x)ta € "I(X’ Z)l[tl 3 eees tk]-

Forapoint pe X -2,
By(ti, s ) = 3 SalD) €KIt1, oo, 1]
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can be obtained by evaluating the coefficients f, of the family at p.
There exists a finite stratification of B by closed analytic subsets of B:

B=By>B D>..0B,=¢

such that on each stratum B; — B;,,,

(1) g(x) has a constant order, say n; ;

(2) there is a homeomorphism x — (%, ), and parametrized families d; ,(%X)
€ #(B;, Biy))[x] (i=1,..,n) and 4; .(X,y) € #(B;, Bi11)[X, y], such
that at each point z, € B; — B;,, , the Taylor expansion of ¢ at zp is

n;
(4‘15) qu(x3 y) = (yni + Z dj,ZO(x)yni_J) * Ai,ZO(x s y) s

j=1
where 4, (X, y) is invertible, and ord(d; . (%)) > j (cf. [BMI, Chapter
V]). Moreover, if 2|n;, there exist G; .(%,y), H; (%,y) and I; ,(%,y) in
A (B;, Biy1)[%, y], such that

(416) gzo(x3 y) = ((yk + Gi,zo(x’ y))Z +Hi,20(x, y)) ° Ii,Zo(x’ y),
and (4.16) is a normal decomposition of g¢.,(%X, y) at any point zy € B;— B, .

4.12. Proposition. The function z — 1{q.} is locally constructible.

Proof. It suffices to show that 7{g.} is constant on a union of differences of
analytic subsets. For the stratification {B;} mentioned above, on each stratum,
we have two cases:

1. If 24n;, ©(g:(X,y)) =ord(q,) for all the point z in B; — B;,;.

2. Otherwise, at any point z € B; — By, t©(q.(%,Y)) =v(H; (%, ¥)), as
a consequence of Lemma 4.5. Then, the coefficients of H; , are meromorphic
functions on B; — B;,; with all their poles outside B; — B;,, . Therefore, there
is an upper bound on the order of 7(q,) over B; — B, , as desired.

The proof of Theorem 4.1. Since o{q} is analytically semicontinuous on X and
7{q} is locally constructible, both functions are locally uniformly bounded. By
Property 2, the uniform linear product estimate follows.
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